Abstract. We show that limit groups are free-by-(torsion-free nilpotent) and have non-positive Euler characteristic. We prove that for any non-abelian limit group the Bieri-NeumannStrebel-Renz S-invariants are the empty set.
Introduction
Limit groups were introduced by Sela and separately by Kharlampovich and Myasnikov in their solutions of the Tarski problem; see [13] , [14] , [15] and [20] , [21] , [22] . The limit groups G are precisely the finitely generated groups that are fully residually free, that is, for every finite subset X of G there is a free group F together with a homomorphism of groups j : G ! F whose restriction to X is injective. Every finitely generated residually free group is a subgroup of a direct product of finitely many limit groups [2] . Limit groups can be constructed inductively as finitely generated subgroups of w-residually free tower (w-rft) groups [21] and any w-rft group has a height associated to it that is useful as an inductive parameter. The limit groups of height 0 are free products of finitely many finitely generated free abelian groups and surface groups of Euler characteristic at most À2.
Our first results are about the group-theoretic structure of a limit group. The proofs are given in Section 2.
Theorem A. Let G be a limit group with a filtration fG i g i d 1 of normal subgroups such that G=G i is torsion-free and
Then for su‰ciently large i 0 the group G i 0 is free.
Corollary B. Every limit group is free-by-(torsion-free nilpotent).
The study of the homological properties of subgroups S of direct products of free groups was started by Stallings [25] and continued by Baumslag and Roseblade [1] . In a sequel of papers [8] , [9] , [10] , Bridson, Howie, Miller and Short have generalized the previously known results to the case of a finitely generated subdirect product of limit groups, i.e. a subgroup of a direct product of limit groups that maps surjectively to every factor. In [9] it was shown that if S is a subgroup of the direct product G of n non-abelian limit groups (not necessary di¤erent) such that S intersects every direct factor non-trivially and projects surjectively to every direct summand then either S has finite index in G or there is a subgroup S 0 of finite index in S such that for some j c n the homology group H j ðS 0 ; QÞ is infinite-dimensional. Furthermore some necessary conditions for H j ðS 1 ; QÞ to be finite-dimensional for every subgroup of finite index S 1 in S and for all j c 2 are given in [9, Theorem 4.2] . It was recently shown by the same authors that these conditions are su‰cient and imply that S is finitely presented, hence of type FP 2 over Q; see [10] . We partially generalize these results in the following theorem, which follows from the results in Section 3.
Theorem C. Let G 1 ; . . . ; G m be non-abelian limit groups and S < G ¼ G 1 Â Á Á Á Â G m be a finitely generated subdirect product intersecting each factor G i non-trivially. Suppose that S is of type FP s over Q for some fixed s a f2; . . . ; mg. Then for every canonical projection p j 1 ;...; j s : G ! G j 1 Â Á Á Á Â G j s the group p j 1 ;...; j s ðSÞ has finite index in G j 1 Â Á Á Á Â G j s .
We strongly believe that the converse of Theorem C holds but can prove only a converse of a weaker result as the following theorem shows. Theorem D follows from the main results from Section 4.
Theorem D. Let G 1 ; . . . ; G m be non-abelian limit groups and S < G ¼ G 1 Â Á Á Á Â G m be a finitely generated subdirect product intersecting each factor G i non-trivially. Suppose further that for every subgroup S 0 of finite index in S the homology group H 2 ðS 0 ; QÞ is finite-dimensional (over Q). Then for a fixed s a f2; . . . ; mg the following conditions are equivalent:
(i) for every canonical projection p j 1 ;...; j s : G ! G j 1 Â Á Á Á Â G j s the index of p j 1 ;...; j s ðSÞ in G j 1 Â Á Á Á Â G j s is finite; (ii) the homology group H i ðS 0 ; QÞ is finite-dimensional (over Q) for all i c s and all subgroups S 0 of finite index in S.
We formulate in Section 5 a conjecture about su‰cient conditions when a special finitely generated subdirect product of groups of type FP l is of homological type FP s in terms of the projection to any direct product of s of the original groups. In Theorem 23 we prove this conjecture in the split extension case. In the case of a direct product of limit groups this conjecture was suggested by M. Bridson in his talk at MSRI in November 2007.
The S-invariants of finitely generated groups were introduced in the 1980s by Bieri, Neumann and Strebel [5] and by Bieri and Renz [6] . Motivated by the fact that the S-invariants determine the homological and homotopical types of subgroups above the commutator, Meinert [17] calculated the S-invariants of the direct product of finitely many virtually free groups. This calculation was later extended by Gehrke [12] to the direct product G 1 Â Á Á Á Â G m when S 1 ðG i Þ ¼ S l ðG i Þ and G i is FP l for every i. In both cases the S-invariants of direct products satisfy a nice formula that does not hold in general; see [16] , [23] . In the case of non-abelian limit groups we show in Section 6 that the S-invariants are always the empty set.
Lemma E. Let G be a non-abelian limit group. Then S m ðGÞ and S m ðG; ZÞ are the empty set for every m d 1.
Furthermore we prove in Section 6 that the converse of Theorem C holds for subdirect products that contain the commutator. Both Theorem D and Theorem F are already known for s ¼ 2; see [9] , [10] .
Theorem F. Let G 1 ; . . . ; G m be non-abelian limit groups and S < G ¼ G 1 Â Á Á Á Â G m be a finitely generated subdirect product intersecting each factor G i non-trivially and such that S contains the commutator of G. Suppose that for some fixed s a f2; . . . ; mg and for every canonical projection p j 1 ;...; j s : G ! G j 1 Â Á Á Á Â G j s the group p j 1 ;...; j s ðSÞ has finite index in G j 1 Â Á Á Á Â G j s . Then S is of type FP s over Z.
2 Limit groups are free-by-(torsion-free nilpotent) Theorem 1. Let G be a limit group with a filtration fG i g i d 1 of normal subgroups such that G=G i is torsion-free and
Proof. We use induction on the height of the limit group. The starting case is when the height is 0, i.e. when G is a free product of groups M 1 ; . . . ; M n that are finite rank free abelian groups or surface groups. It is su‰cient to show that for su‰ciently large i the subgroup G i V M j is free for all j c n, so G i acts without inversion on a tree with trivial edge stabilizers and free vertex stabilizers and then by Bass-Serre theory G i is free. Note that
If M j is a surface group, take the first i such that M j =ðG i V M j Þ is non-trivial; so G i V M j is an infinite index subgroup in a surface group and in particular is free. If M j is a finite rank free abelian group, note that if for some j we have G i V M j A 1 then for some i 1 > i the group ðG i V M j Þ=ðG i 1 V M j Þ is non-trivial and hence is torsion-free, i.e. a finite rank free abelian group. As M j has finite Hirsch length we deduce that G i V M j is trivial for su‰ciently large i.
In the general case G is a limit group of height k d 1. Thus G acts cocompactly on a tree G with edge stabilizers G e that are trivial or infinite cyclic and vertex groups G v that are limit groups of height at most k À 1. Note that Theorem 2. Let G be a limit group and define G i by G i =g i ðGÞ ¼ 3torðG=g i ðGÞÞ4. Then G iþ1 c G i , G i is normal in G, G=G i is torsion-free and
Proof. Note that G i =g i ðGÞ is the subgroup of the finitely generated nilpotent group G=g i ðGÞ generated by all elements of finite order and is the maximal finite subgroup of G=g i ðGÞ. Thus G i =g i ðGÞ is a characteristic subgroup of G=g i ðGÞ.
Suppose that
Since G is fully residually free there is a homomorphism j : G ! F such that F is a free group and jð f Þ A 1. Then jðg i ðGÞÞ c g i ðF Þ and jðG i Þ=jðg i ðGÞÞ is torsion. In particular, jðG i Þg i ðF Þ=g i ðF Þ is a torsion subgroup of the torsion-free group F =g i ðF Þ and so jðG i Þ c g i ðF Þ. Then
Corollary 3. Every limit group is free-by-(torsion-free nilpotent).
Corollary 4. The abelianization of a non-trivial limit group is infinite.
Proof. Suppose that G=G 0 is finite. Then every nilpotent quotient of G is finite and hence for G i from Theorem 2 we have that Proof. Note that a limit group of height 0 is a free product of finitely many finite rank free abelian groups and non-abelian surface groups. So for these groups the lemma obviously holds. We proceed by induction on the height of the limit group. By [9] a freely indecomposable limit group of height h d 1 is the fundamental group of a finite graph of groups with infinite cyclic edge groups and has at least one vertex G v 0 that is a non-abelian limit group of height at most h À 1. In this case the action of G on the Bass-Serre tree G implies immediately that
In the other case when the group is decomposable as a free product A Ã B, we write G as a free product G 1 Ã Á Á Á Ã G m where every G i is a freely indecomposable limit group and the height of every G i is at most the height of G. Then
If not otherwise stated, all modules considered in this paper are right modules.
Lemma 6. Let Q 1 ; . . . ; Q n be finitely generated nilpotent groups and V i be a finitely generated Q½Q i -module such that V i contains a cyclic non-zero free Q½Q i -submodule
is finitely generated as a Q½ e Q Q-module. Then e Q Q has finite index in Q.
Since Q½ e Q Q is right Noetherian and V 1 n Q Á Á Á n Q V n is finitely generated as a Q½ e Q Q-module we deduce that W U Q½Q is finitely generated over Q½ e Q Q. Thus the Krull dimension of Q½Q is at most the Krull dimension of Q½ e Q Q. By [24] the Krull dimension of Q½ e Q Q is the Hirsch length of e Q Q. Then e Q Q and Q have the same Hirsch length and so e Q Q has finite index in Q. r
In order to use Lemma 6 we need the following result.
Proposition 7. Let G be a group of negative Euler characteristic wðGÞ such that the trivial Q½G -module Q has a free resolution with finitely generated modules and finite length. Then for any normal subgroup M of G such that Q ¼ G=M is torsion-free nilpotent and M is free, the Q½Q-module V ¼ M=½M; M n Z Q has a non-zero free Q½Q-submodule, where Q acts on M=½M; M via conjugation.
Proof. Let
be a free resolution of the trivial Q½G -module Q with finitely generated free modules. Since M is a free group,
has homology groups
Since Q is a torsion-free nilpotent group, Q½Q is a right and left Noetherian ring without zero divisors (the zero divisor conjecture holds for torsion-free polycyclic groups [11] ). Then Q½Q is an Ore ring and has a classical ring of quotients, denoted by K. Note that K is flat as a Q½Q-module, hence À n Q½Q K is an exact functor and
for some non-negative integer a. Then
and so
Since wðGÞ A 0 we see that V has a subquotient (and hence a submodule) isomorphic to Q½Q. r Corollary 8. Let G be a non-abelian limit group. Then for any normal subgroup M of G such that Q ¼ G=M is torsion-free nilpotent and M is free, the Q½Q-module V ¼ M=½M; M n Z Q has a non-zero free Q½Q-submodule.
Proof. By construction limit groups are of type FP l over Z (and so over Q) and of finite cohomological dimension. Furthermore they have free resolutions of finite type (finite length and finitely generated free modules) over Z (and so over Q). By Lemma 5 the group G has negative Euler characteristic and we can apply Proposition 7. r Theorem 9. Let G 1 ; . . . ; G m be non-abelian limit groups and S < G ¼ G 1 Â Á Á Á Â G m a finitely generated subdirect product intersecting each factor G i non-trivially. Suppose that S is of type FP s over Q for a fixed s a f2; . . . ; mg. Then for every canonical projection p j 1 ;...; j s : G ! G j 1 Â Á Á Á Â G j s the group p j 1 ;...; j s ðSÞ has finite index in
Proof. By [9, Proposition 6.4 and Lemma 6.1] we have
for some subgroups of finite index K i of G i . By replacing S and G i by subgroups of finite index if necessary we can assume that G i ¼ K i for all i with 1 c i c m. By Corollary 3 there is a natural number
the group L i ¼ g j 0 ðG i Þ is free and Q i ¼ G i =L i is a finitely generated nilpotent group for 1 c i c m. Replacing G i and S by subgroups of finite index if necessary we can assume that G i =L i is torsion-free nilpotent and drop the assumption that L ¼ g j 0 ðGÞ. Thus L is a normal subgroup of G, every L i is free and Q ¼ S=L c Q 1 Â Á Á Á Â Q n is nilpotent, torsion-free and finitely generated. By the Kü nneth formula and since H k ðL i ; QÞ ¼ 0 for k d 2 we get
where the action of Q on H 1 ðL j 1 ; QÞ n Q Á Á Á n Q H 1 ðL j i ; QÞ factors through the canonical map h j 1 ;...; j i :
We claim that since Q½Q is a right Noetherian ring and S is of type FP s over Q we get that H i ðL; QÞ is finitely generated as a Q½Q-module for all i c s. Indeed let
be a projective resolution of the trivial Q½S-module Q with F i finitely generated for i c s. Then Note that F i n Q½L Q is a Q½Q-module and in addition for i c s it is finitely generated. Since Q½Q is right Noetherian any Q½Q-subsection of F i n Q½L Q is finitely generated as a Q½Q-module for i c s. In particular for i c s H i ðL; QÞ U H i ðF n Q½L QÞ is finitely generated as a Q½Q-module. Then by (10) we see that
is finitely generated as a Q½Q-module for all i c s and the action of Q factors through the action of h j 1 ;...; j i ðQÞ. Finally, by Lemma 6 and Corollary 8, it follows that h j 1 ;...; j s ðQÞ has finite index in Q j 1 Â Á Á Á Â Q j s . r
Subgroups with finite-dimensional homology groups
Here we generalize the results from the previous section. Note that Theorem 9 can be deduced from Theorem 11 since subgroups of finite index in groups of type FP s over Q are again of type FP s over Q and groups of type FP s over Q have finitedimensional homology groups with coe‰cients Q in dimension at most s. We gave a separate proof of Theorem 9, as the proof of Theorem 11 makes substantial use of the di‰cult new result [9, Theorem C] and the proof of Theorem 9 in Section 3 does not.
Theorem 11. Let G 1 ; . . . ; G m be non-abelian limit groups and S < G ¼ G 1 Â Á Á Á Â G m be a finitely generated subdirect product intersecting each factor G i non-trivially. Sup Suppose that s > 2 and the result holds for s À 1. Then p j 1 ;...; j sÀ1 ðSÞ has finite index in
For the inductive step we divide the proof into several steps.
Step 1. We can start the argument as in the proof of Theorem 9 and suppose that for 1 c i c m there is a normal subgroup
S and the isomorphism (10) holds. Note that L i is finitely generated as a normal subgroup of G i , so
is finitely generated as a Q½Q i -module. Hence H 1 ðL j 1 ; QÞ n Q Á Á Á n Q H 1 ðL j i ; QÞ is finitely generated as a Q½Q j 1 Â Á Á Á Â Q j i -module. Note that by (12), h j 1 ;...; j i ðQÞ has finite index in
where Q ¼ S=L and
is the canonical projection. Then by (10) and (13) H i ðL; QÞ is finitely generated as a Q[Q]-module for i c s À 1:
Since Q½Q is Noetherian we deduce that (10) applied for i ¼ s we get that for all 1 c j 1 < Á Á Á < j s c m dim Q ððH 1 ðL j 1 ; QÞ n Q Á Á Á n Q H 1 ðL j s ; QÞÞ n Q½h j 1 ;...; js ðQÞ QÞ < l:
Since the assumptions of the theorem hold if S is replaced by a subgroup of finite index, (18) holds if Q, L j 1 ; . . . ; L j s are replaced by subgroups of finite index.
Step 2. Let e S S be a subgroup of finite index in p j 1 ;...; j s ðSÞ containing
Thus e S S is an extension of e L L by a subgroup e Q Q of finite index in h j 1 ;...; j s ðQÞ, where
was defined in (14) . By (13), for 1 c i 1 < Á Á Á < i sÀ1 c m the subgroup h i 1 ;...;i sÀ1 ðQÞ has finite index in Q i 1 Â Á Á Á Â Q i sÀ1 and hence by (15) 
QÞ is finite-dimensional over Q for all i c s:
Step 3. Let e S S 0 be any subgroup of finite index in p j 1 ;...; j s ðSÞ. We aim to show that H i ð e S S 0 ; QÞ is finite-dimensional over Q for i c s. This easily reduces to the situation from Step 2. Indeed let e G G j i be p j i ð e S S 0 Þ. Then e S S 0 is a subdirect product of e G G j 1 Â Á Á Á Â e G G j s that intersects every e G G j i non-trivially (the latter holds since the intersection of p j 1 ;...; j s ðSÞ with G j i is non-trivial for every j i ).
Note that p j 1 ;...; j s ðSÞ is finitely presented. Indeed, by [10, Theorem B], S is finitely presented and for 1 c v < w c m the subgroup p v;w ðSÞ has finite index in G v Â G w ; in particular this holds for fv; wg M f j 1 ; . . . ; j s g. Then by [10, Theorem B] applied for the subdirect product p j 1 ;...; j s ðSÞ of G j 1 Â Á Á Á Â G j s we deduce that p j 1 ;...; j s ðSÞ is finitely presented and so e S S 0 is finitely presented. Since e S S 0 is finitely presented for every subgroup of finite index M of e S S 0 we have that H i ðM; QÞ is finite-dimensional over Q for i c 2. Then by [9, Proposition 6.4 and Lemma 6.1] there is a subgroup of finite index e K K j i in e G G j i such that g t ð e K K j i Þ c e S S 0 for some t. By Corollary 3, taking t su‰ciently large we can assume that g t ð e K K j i Þ is free. To prove that H i ð e S S 0 ; QÞ is finite-dimensional over Q for i c s is su‰cient to show that the same holds for a subgroup of finite index in e S S 0 . Then by substituting e G G j i with e K K j i , e S S 0 with e S S 0 V e K K j 1 Â Á Á Á Â e K K j s we can assume that e G G j i ¼ e K K j i for 1 c i c s. Now we are exactly in the situation of Step 2.
Step 4. Finally, p j 1 ;...; j s ðSÞ c G j 1 Â Á Á Á Â G j s is a finitely generated subdirect product that intersects non-trivially every G j i , and by Step 3 for every subgroup of finite index e S S 0 in p j 1 ;...; j s ðSÞ the homology groups H i ð e S S 0 ; QÞ are finite-dimensional over Q for i c s. Then we can apply [9, Theorem C] to deduce that p j 1 ;...; j s ðSÞ has finite index in
The following is a converse of Theorem 11.
Theorem 20. Let G 1 ; . . . ; G m be non-abelian limit groups and S < G ¼ G 1 Â Á Á Á Â G m be a finitely generated subdirect product intersecting each factor G i non-trivially. Suppose further that for every subgroup S 0 of finite index in S the homology group H 2 ðS 0 ; QÞ is finite-dimensional ðover QÞ and that for some fixed s a f2; . . . ; mg for every canonical projection p j 1 ;...; j s : G ! G j 1 Â Á Á Á Â G j s the index of p j 1 ;...; j s ðSÞ in G j 1 Â Á Á Á Â G j s is finite. Then H i ðS; QÞ is finite-dimensional ðover QÞ for all i c s.
Remark. As any subgroup of finite index S 0 in S satisfies the assumptions for S we get that H i ðS 0 ; QÞ is finite-dimensional (over Q) for all i c s.
Proof. It is su‰cient to show that H i ðS 0 ; QÞ is finite-dimensional (over Q) for all i c s, for some subgroup of finite index S 0 of S. This allows us to use reductions to subgroups of finite index and as in the proof of Theorem 9 we can assume that there is a normal subgroup 
A conjecture
In this section we suggest a conjecture that, in the special case when all F i are free groups and all G i are non-abelian limit groups, claims that the converse of Theorem 9 holds. Here R denotes a commutative ring with 1.
Conjecture. Let
be a short exact sequence of groups and S be a subgroup of Applying again dimension-shifting for the short exact sequence
AugðR½H Þ "
we see that AugðR½G Þ is of type FP sÀ1 as an R½G -module if and only if AugðR½M Þ is of type FP sÀ1 as an R½G -module. r
In the following theorem we prove that the conjecture holds in the split extension case. Note that if G i from (21) is a limit group such that G i ¼ F i z H i then H i is a nilpotent limit group. Since every soluble limit group is abelian, F i contains the commutator of G i . In this case we deduce that the group S from the conjecture contains the commutator. In the case when S contains the commutator of G the conjecture will be proved in next section; see Theorem 34. Proof. Consider the short exact sequence
for 1 c i c m. Then we tensor over R the deleted complexes obtained from the above short exact sequences after deleting R (with R positioned in dimension À1) and obtain a new complex
Since all modules in (24) are free R-modules
Thus we obtain an exact complex M by replacing in R the module R½F (in dimension 0) by its augmentation ideal
We claim that for i 1 < Á Á Á < i j and j c s the tensor product
To prove (27) we consider the exact complex
obtained exactly as for the exact complex M. We aim to prove (27) by induction on j. Suppose first that j ¼ 1. By Lemma 22 W i 1 is FP l over R½S i 1 if and only if S i 1 is of type FP l over R. Consider the following short exact sequence of groups induced by the canonical projection p i 1 : G ! G i 1 :
Note that Kerð p i 1 Þ V H is a subgroup of the finitely generated nilpotent group H, so itself is finitely generated and nilpotent. In particular Kerð p i 1 Þ V H is of type FP l over R, and by [3, Proposition 2.7] , S i 1 is of type FP l over R if and only if p i 1 ðSÞ is of type FP l over R. Note that by assumption p i 1 ðSÞ has finite index in G i 1 , so p i 1 ðSÞ has type FP l over R. Now assume that j > 1 and that (27) holds for smaller values of j. In particular all modules in (28) except W i 1 n R Á Á Á n R W i j and AugðR½F i 1 Â Á Á Á Â F i j Þ are known to be of type FP l over R½S i 1 ;i 2 ;...;i j . If AugðR½F i 1 Â Á Á Á Â F i j Þ is of type FP l over R½S i 1 ;i 2 ;...;i j then by the dimension-shifting argument [3, Proposition 1.4] for the short exact sequences associated to the exact complex (28) we get that W i 1 n R Á Á Á n R W i j is of type FP l over R½S i 1 ;i 2 ;...;i j as claimed.
Note that there is a short exact sequence of groups 
and since (27) holds, all modules in dimension j with 1 c j c s of the exact complex M (see (26)) are of type FP l over R½S and we view now M as a complex of R½S-modules. Applying again the dimension-shifting argument [3, Proposition 1.4] for the short exact sequences associated to the exact complex M we deduce that the augmentation ideal AugðR½F Þ is of type FP sÀ1 as an R½S-module. r 6 The S-invariants of limit groups
In this section we calculate the S-invariants of a limit group. The S-invariants were introduced by Bieri and Strebel, at first only in dimension 1 and for metabelian groups [7] , but later they were generalized to the present homological and homotopical versions (i.e. S m ðGÞ and S m ðG; ZÞ) in arbitrary dimension m d 1; see [5] , [6] , [19] . These invariants are subsets of the character sphere Recently the homotopical invariant was generalized to the case of groups acting on a CAT(0)-space [4] . The importance of S invariants is that they capture enough information to deduce the types FP s and F s of a subgroup that contains the commutator [6] .
Lemma 29. Let G be a free-by-(torsion-free nilpotent) group. Suppose further that the trivial QG-module Q has a free resolution of finite length and with finitely generated modules and wðGÞ < 0. Then S m ðGÞ and S m ðG; ZÞ are the empty set for every m d 1.
Proof. Let F be a normal free subgroup of G such that Q ¼ G=F is torsion-free and nilpotent. Let N be the subgroup of G that contains the commutator subgroup G 0 and such that N=G 0 is the torsion part of G=G 0 . Then G=ðN V F Þ embeds in the torsion-free nilpotent group G=N Â G=F and hence is itself torsion-free and nilpotent. Thus by replacing F by F V N we can assume that F c N, and so for every real non-zero homomorphism w : G ! R we have F c KerðwÞ.
Consider first a discrete character w : G ! R, that is, ImðwÞ is non-trivial cyclic subgroup of R. Since w is discrete, Q½Q w is right Noetherian, where
Suppose now that ½w a S 1 ðG; ZÞ, that is, the trivial Z½G w -module Z is of type FP 1 , where G w ¼ fg a G j wðgÞ d 0g. Let
be a free resolution of the trivial Z½G w -module Z with P 0 and P 1 finitely generated. Then, since Q½Q w is right Noetherian and P is a free resolution of the trivial ZFmodule Z,
is finitely generated as a Q½Q w -module. On the other hand by Proposition 7 ðF =F 0 Þ n Z Q has a non-zero free cyclic Q½Q-submodule W . Thus W U Q½Q is finitely generated as a Q½Q w -submodule, a contradiction. Note that we have proved that We remind the reader that by Corollary 4 for a limit group G the character sphere SðGÞ is non-empty.
Corollary 30. Let G be a non-abelian limit group. Then S m ðGÞ and S m ðG; ZÞ are the empty set for every m d 1.
Proof. By Corollary 3 there is a normal free subgroup F of G such that Q ¼ G=F is torsion-free nilpotent. Furthermore by Lemma 5 wðGÞ < 0. Thus we can apply Lemma 29. r
In the above corollary we calculated the S-invariants of non-abelian limit groups. The abelian case is treated in the following lemma.
Lemma 31. Let G be a finitely generated free abelian group. Then S m ðGÞ and S m ðG; ZÞ are the full character sphere SðGÞ for every m d 1.
Proof. The homological version follows from [6, Theorem C]. The homotopical version is obvious since one KðG; 1Þ is R n =Z n where n is the rank of G. Indeed for every non-zero character w : G ! R the subcomplex of the CW-complex R n spanned by all cells whose vertices are in
Finally we note that Corollary 30 and Lemma 31 together with [12, Theorem 8.3 ] can be used to give an explicit formula for the S-invariants of the direct product of limit groups.
7 An application of S-theory: a special case of the conjecture In this section we prove a special case of the conjecture of Section 5. Since in the conjecture the basic ring is a commutative ring R and not Z we work with a modified version of the original S-invariant obtained by replacing Z by R. More precisely we will use the following S-invariant S m ðG; RÞ ¼ f½w a SðGÞ j the trivial RG w -module R is of type FP m g;
where G w ¼ fg a G j wðgÞ d 0g and 'trivial' means that the action of G w is the trivial one. By definition S 0 ðG; RÞ ¼ SðGÞ. In [12] Gehrke published some results due to Meinert, now known as Meinert's inequalities. We state them as a separate result in the following lemma. In [12] the case R ¼ Z is treated, but the proof for general R is the same. We work with a general commutative ring R and not just Z, since the conjecture from Section 5 was stated for R.
Lemma 32 ([12, Lemmas 9.1 and 9.2]). Let G 1 and G 2 be groups of homological type FP iþjþ1 over R for some fixed i d 0; j d 0 and s be positive integer such that s c i þ j þ 1. Furthermore let w be a non-zero real character of G ¼ G 1 Â G 2 and denote by w k the restriction of w to G k for k ¼ 1; 2.
(a) Assume that both w 1 and w 2 are non-zero, ½w 1 The above lemma together with obvious induction on d implies the following corollary. 
Let I ¼ f j 1 ; . . . ; j t g M f1; . . . ; ng be defined as the set of indices j i such that the restriction of w to G j i is non-zero. By Corollary 33
½w a S tÀ1 ðG 1 Â Á Á Á Â G m ; RÞ:
By (35) and (36) we have t c s. Since w is non-zero and wðSÞ ¼ 0 the projection p j 1 ;...; j t ðSÞ has infinite index in G j 1 Â Á Á Á Â G j t , a contradiction with t c s and the assumptions of the conjecture. r
The following result was conjectured by M. Bridson (private communication).
Corollary 37. The conjecture from Section 5 holds if every G i is a non-abelian limit group and S contains the commutator subgroup of G ¼ G 1 Â Á Á Á Â G m .
